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Abstract 

The (classical, small quantum, equivariant) cohomology ring of the grassmannian G(k, n) 
is generated by certain derivations operating on an exterior algebra of a free module 
of rank n (Schubert Calculus on a Grassmann Algebra). Our main result gives, in a 
unified way, a presentation of all such cohomology rings in terms of generators and re- 
lations. It also provides, by results of Laksov and Thorup ([5] and a presentation 
of the universal splitting algebra of a monic polynomial of degree n into the product 
of two monic polynomials, one of degree k. 

1 Introduction 

In the paper [3] one shows that the cohomology ring of the complex grassmannian 
G(k,n), parametrizing /c-dimcnsional subspaces of C™, can be realized as a commu- 
tative ring of endomorphism of the k th exterior power of a free Z-module M of rank 
n. Such a result was achieved by studying a natural Hasse-Schmidt derivation on the 
exterior algebra of M; Laksov and Thorup ([5] and [5]) generalized it to the more 
interesting situation regarding the cohomology of Grassmann bundles. Their point of 
view is quite different, as it is based on the fact that the /c th -exterior power of a free 
A-module of rank n can be endowed with a natural module structure over the ring 
of symmetric polynomials (with ^-coefficients): this leads to a beautiful and natural 
description of the cohomology of G(k, E), the Grassmann bundle of fc-dimensional sub- 
spaces in the fibers of a vector bundle E, in terms of the universal splitting algebra of a 
certain monic polynomial p (encoding the Chern classes of E) into the product of two 
monic polynomials, one of degree k (Cf. remark [3. 111) . 

The main goal of this paper is to generalize [4] via a translation of Laksov and 
Thorup's formalism into the language of derivations. A derivation on f\ M , the exte- 
rior algebra of a module M over a commutative ring with unit, is a sequence D := 
(Do, D\, . . .) of endomorphisms, such that the h th order Leibniz's rule: 

D h (aA0)= D hl aAD h2 (3, (1) 

hi + hi = h 
hi > 
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holds for each h > and each a, ft <G /\M fsec 12. 2[) . In [T^], any such a derivation 
is called a Schubert Calculus on a Grassmann Algebra. The terminology is motivated 
by the fact that if one takes M to be a finite free module over a graded commutative 
Z-algcbra of characteristic 0, there is a canonical derivation on /\ M (generalizing that 
studied in g]; see Section [3]) describing, within a unified framework, different kind of 
cohomology theories on complex grassmannian varieties, such as, e.g., the classical, 
the small quantum or the cquivariant one. Working on the exterior algebra, instead 
of on a single exterior power, many formal manipulations get easier: as an example 
we offer Theorem 14.81 the main result of this paper, that consists in a simple formula 
giving, in a unified way, the presentation of the classical, small quantum and equivari- 
ant cohomology ring of the complex grassmannian G(k, n). In fact, the (classical, small 
quantum, equivariant) cohomology ring of all the grassmannians G(k,n), 1 < k < n, 
are quotient of a same commutative ring of endomorphisms of the exterior algebra of 
a free module of rank n (see Sect. I3.T|) . As the latter is generated by derivations, the 
(classical, small quantum, equivariant) Schubert calculus on G{k,n) can be reduced 
to that, much easier, on G(l,n) = P" _1 (as in [4]; see also [5]). Our best application 
of such a philosophy regards an elementary description, as in [5] (see also [H]), of the 
cquivariant Schubert calculus on a grassmannian acted on by a torus with isolated 
fixed locus, recovering, in particular, the case studied in [7] (see also |10j). 

Acknowledgment. The first author wants to thank the warm ospitality of the 
STID of Mcnton, Universite de Nice, Sophia- Antipolis, notably that of its chairmain, 
Guy Choisnet, where most part of this paper, originated from [5j and [T2], has been 
written. The current exposition has been deeply influenced by the work of D. Laksov 
and A. Thorup on related subjects ( [8] , [9] , [10] ) and by many conversations the authors 
had with the former, to whom they want to address a warm feeling of gratitude. We 
also thank I. Vainscncher for some key suggestions as well as the Referee for his valuable 
and (especially) patient remarks. 

2 Derivations on Exterior Algebras 

2.1 Let M be an A-module, A[[t]] be the ring of formal power series in an indeter- 
minate t over A and /\ := (A ^-OIM] be the A[[i]]-module of formal power series 
with coefficients in /\ M = © fc > /\ k M, the exterior algebra of M. The former gets a 
structure of A [[t]] -algebra by setting £\>„ a,f A^ 3 > ft 3 t 3 = J2h>o Y,i+j=h( a i ^^)t h . 

2.2 An A-module homomorphism D t ■ : f\ M — > f\ M[[t}] is said to be a derivation on 
/\ M if it is an A-algebra homomorphism, i.e. if for each a, (3 € f\ M: 

D t (a A j9) = D t a A D t f3. (2) 

The algebra homomorphism D t can be written as a formal power series ^2 i>0 Dit 1 , with 
coefficients in the A-algebra EndA{/\ M). Denote by D the sequence (Do, Di, ■ ■ ■) of 
the coefficients of D t . Equation J2]) implies that for each h > 0, the A-endomorphism 
Dh of f\ M satisfies the h th -oider Leibniz rule (P) , got by expanding both sides of ^ 
and equating the coefficients of t h occurring on both sides. 
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2.3 Let j : Hom A (/\ M, /\ M[[t]]) -» End A (/\ M[[t}}) be the natural map sending 
any * t = Ei^oV'ii* € Hom A (/\ M, f\ M[[t}]) to the endomorphism of A M [ML 
defined, on each J2i>o e A -^[ML as: 

j(*)(E<**') =£*(<*) '** = £( £ V^)K- 

j>0 i>0 /t>0 i+j=h 

If Dj is a derivation, then j(D t ) is itself an ^4[[i]]-algebra endomorphism of /\M[[t]]. 
In fact it is obviously an A [[t\] -module endomorphism and, moreover: 

XA)(E«^ A E^) = xa)£( £ «<A/3j)t h = 

= E( £ A = e( E D tai AD t ^y h = 

h>0 i+j=h h>Q i+j=h 

i>0 j>0 i>0 j>0 

2.4 For each pair D t ,D' t 6 Hom A (/\ M, /\ M[[t]]), define a product A * through 
the equality: (Z?t * D' t )a = j(D t )(D' t a). Clearly j(D t )a = D t a for each a E f\M and 

(D t *D' t )(a) = J2( E D i (D' j a))t h =j(D t )C£D>a-ti) = 

/i>0 i+j=h j>0 

= j(D t )(D>a) = (j(D t ) o j(D>))a. (4) 

2.5 The product D t * D' t of two derivations on /\ M is a derivation on /\ M. Indeed, 
using © and g]): 

(D t *D0(aA/9) = 3(D t )(D' t (aAp))=j(D t )(D' t aAD' t f3) = 

= j(D t )(D' t a) A j(D t )(D' t P) = (D t * D' t )a A (A * AO/3, 

as desired. Let now A 1 ) = (A; )i>o be any (possibly finite) sequence of endomor- 

phisms of M and, for each m 6 M, let I> t (1) (m) = £\ >0 ofV)^ Thcn Aj W : M -» 
M[[t]] is an ^4-module homomorphism. 

2.6 Proposition. There exists a unique derivation D t : f\M —> f\M[[i\] such that 
A| M = Df> (or, equivalently, A| M = Df> ). 

Proof. For each k > 1, consider the A-multilinear map M® k -> (A M)[[t]\ defined by 
m% 1 ®. . .®rrii k t— > A > m.i 1 A. . .AD^rrii kl which is clearly alternating. By the universal 
property of exterior powers, it factors through a unique A- module homomorphism 
A fc M -» (A* M)[[t]], given by D { t k) {m n A ... A m ik ) = D { t 1} m n A ... A D { t 1] m lk on 
monomials. Let D t a = D^a for all a 6 f\ k M and all A: > 0. It follows that if 
a E f\ 1 M and (3 £ f\ 2 M, equation ^ holds by definition of A and the fact that 
a A (3 is a finite A-linear combination of elements of the form 

{ mil A ... A m iki A m iki+1 A ... A m lki+k2 ; 1 < h < . . . < i kl +k 2 }- 
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Since any element of /\ M is a finite sum of homogeneous ones, equation ^ holds 
for any arbitrary pair as well. The unicity part is straightforward: were D' t another 
extension of Df\ one would have D' t (m,i 1 A ... A m^J = Df'm^ A ... A Df'rrii k = 
D t (yrii x A ... A m^), for each A ... A m,i k and each k > 1. Hence D' t ~D t . ■ 

2.7 Let St(/\M) be the set of all derivations D t := ^Z i>0 Dit l such that Dji M G 
EndA(M) (i.e. the submodulc A/ of /\ M is D^-stable) and D$\ M is an isomorphism. 
Hence Dq : /\ i\/ — > /\ M is an isomorphism too. 

2.8 Proposition. XTie pair (S t (/\M),*) is a group. 

Proof. By |2.51 S t (A Af) is closed under *. By its very definition, * is associative. The 
map 1 : /\M — > (/\ M) [[£]], sending any a & /\M to itself, thought of as a constant 
formal power series, is the *-neutral element. Thinking to D t as a formal power series 
with coefficients in End,A(/\ M), the formal inverse D t -1 of D t (existing because of the 
invertibility of Do) is a derivation as well. In fact 

Di\ahf3) = X^" 1 )((A*A" 1 )«A(A*A" 1 )^) = 
= j(D^)(j(D t )D^a A j(D t )D^P) = 

since D^ 1 * D t = D t * D^ 1 = 1. ■ 

2.9 We fix another piece of notation. Let A[T] be the polynomial ring in infinitely 
many indcterminates T = (T\,T2, ■ . .). For each fc-tuplc I := . . . , ik) of positive in- 
tegers, we denote by Aj(T) := i fe )(T) the Schur polynomial det[(T ij ._j)i<j J <fc] e 

A[T] (setting T = 1 and 2} = 0, if j < 0). By expanding A 7 (T) along the last col- 
umn, one sees that A/(T) belongs to the ideal (T, fc _i, . . . , Ti fc _fc) of ^4[T]. In particular 

A( 2i 3 / l+ i)(T) G (Ti, . . . , Th). If D := (D , Di, . . . , ) is the sequence of coefficients of 

some D t £ St{/\ M) such that Do = id/\ m, one defines A/(D) to be the evaluation of 
A/(T) at D (via the substitution T { ^ D 4 ). 

2.10 For each i > 0, define D 4 E End A (f\ M) via the equality D^ 1 = Z^oC -1 )* A**- 
By equating the coefficients of the same power of t on both sides of the equation 
D t * D^ 1 = 1, one gets Do = Dq -1 , while, for each h > 1: 

D h - D h - 1 D 1 + ... + (-l) h D h = 0, (5) 

so that, e.g., D\ = Di, D2 = D\ — D 2 . In general, one has (see [2], Appendix A): 

D h = A {2 ^... M+1) (D). (6) 

2.11 Proposition (Integration by parts). Let D t G St(/\M). Then: 
D h aA(3 = Y^irtfDh-iiahDip) = D h aA[3-D h _ 1 aAD 1 p + . . . + {-iyD Q aAD h f3. 

i>0 

(7) 

Proof. One expands both sides of the equality j(D t )(a A D^ 1 ft) = D t a A /3, and then 
compares the coefficients of t h occurring on each side. ■ 

2.12 Example. One has D x a A D (3 = Di(a A (3) - D a A ~D\(3 and: 

D 2 a A D /3 = D 2 (a A /3) - Di(a A Di/3) + D a A D 2 j3. 
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3 Schubert Calculus on a Grassmann Algebra 



3.1 From now on, A will be assumed to be any graded ring ©j> Ai such that Aq = Z. 
Let X be an indeterminate over A, M := and M(p) := AI/pM, where p is either 
the polynomial or a monic polynomial X n — e\X n ~ x + . . . + (— l) n e„ 6 A[X] such 
that e; G Ai. Then M(p) is a free A-module generated by e = (e l )i<;< n , where n is 
either deg(p) if p ^ 0, or oo if p = 0. 

3.2 Let l k = {I = (h, ...,ik) G N fc | 1 < ii < ... < i k } (as in §5, Section 1, 
and [1]). The weight of / G X k is wt(I) = 2 J=1 (ij — i)- It coincides with the weight of 
the associated partition (ik — k, ik-i — (k — 1), . . . , i\ — 1). If / := (ii, . . . , ik) G T k , let 
A 7 e denote e 11 A... Ae 1 *. Each exterior power /\ fe M(p) is a free ^4-module with basis 
/\ fc e := {A 7 e : / G 1,^}. If a G yl^, the weight of a • A 7 e is, by definition, h + wt(I). Set 
(A fe M(p)) w = ©„<*<„, (©^(z^^-ft-A^). Then A fc ^(p) = © w > (A fc M(p)) w 
a graded A-module via weight. 

3.3 By Proposition 12.61 there is a unique sequence D := (Do, Di, . . .) of A-cndomor- 
phisms of /\M(-p) such that i) (the h th -order) Leibniz's rule (Q]) holds for each h > 
and each a,f3 G /\ k M(p) and ii) the initial conditions D^e 1 = e l+h are satisfied, for 
each h > and each z > 1. Notice that Di o £)., = Dj o Di in EndA(/\ M(p)), as a 
simple induction shows. 

3.4 Proposition. 77ie following formula holds: 

D h e 11 A ... A e ifc = ^Y 1+/l1 A . . . A e ik+hk , (8) 

<fte sttm over oZZ h-tuples (hi)\<i<k of non negative integers such that hi + . . . + hk = h. 

Proof. See [5] or, since equality ([5]) is defined over the integers, use the same inductive 
proof as in [J], Proposition 2.3. ■ 

3.5 Example. When expanding DhC n A...Ae'', cancellations may occur on the 
right hand side of ([5]), due to the Z2-symmetry of the A-product. For instance: 

D 2 ( e i A e 2 ) = e 3 A e 2 + e 2 A e 3 + e 1 A e 4 = e 1 A e 4 . 

The surviving summands are predicted by Fieri 's formula for D^, a rule to speed up 
computations of "derivatives" of fc-vectors. 

3.6 Theorem (Pieri's formula). Pieri's formula holds: 

D h (e 11 A... At") = e ll+hl A . . . A e ik+hk , (9) 

(hi)eP(IM) 

where, if I = (i\, . . . , ik) G I k , we denote by V(I,h) the set of all k-tuples of non 
negative integers (hi, . . . , hk) such that i± + hi < ?2 < *2 + h% < . . . < ik-i < ik cind 
hi + . . . + hk = h. 

Proof. See [B] or, since formula © is defined over the integers, use the same proof as 
in @], Theorem 2.4. 
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3.7 Let A be as in 13.11 and A[T] be as in 12.101 If a G Ai, the degree of the monomial 
aT™ -1 . . . T™ J is defined to be I + m\i\ + . . . + rrijij. Then A[T] is itself a graded ring 
©ij> v4.[T]/j, where A[T]^ is the submodule of all elements of A[T] of degree h. There 
is a natural evaluation map, ev^i : A[T] — > End,A(f\ M (p)) , sending P G A[T] to P(D) 
(got by "substituting" T, h-> Dj into P). We denote by A* (A -^(p)) the image of evo 
in End,A(/\ M(p)) and by A*(/\ k M(p)) the image of the natural restriction map 

Pfe : A*(/\M( V )) End A (f\M(p)), 

given by P(D) i— ► (-f)| AfcM( } - Pieri's formula implies Giambelli's formula, a special 
case of the general determinantal formula stated in [5], Main Theorem, which reads, 
in this case, as: 

£ I1 A...A e ! '=A (ll .., t) (D). £ 1 A...A^ (10) 
where, as in 12.101 ?fc )(D) = evc(A( il j fc )(T)). We have hence shown that: 

3.8 Theorem. The natural evaluation map ev c i A Ae fc : A*(/\M(p)) /\ M(p), 
mapping P(D) i— > P(D)e 1 A ... A e' is surjective. m 



3.9 It follows that ker(pfe) = ker(ev e i A ... Ae <0 and then: 



A- 



The induced map II fe : A*(/\ k M(p)) -*■ A* M(p), defined by 



P(£>) + kerev e i A A£fc i-> P(D)e 1 A ... A e 
we call the Poincare isomorphism. 

3.10 Remark. Let T k = {/ G X fe ifc < n}. A routine check shows that if I = 
(ii, ...,i k ) G 2* and P G P(I, ft) then 7 + P := (i x + /ix, . . . , i k + h k ) G l k . Denote 
by I k ' w the set of all I G X fc such that w;i(/) = it). Combining Pieri's formula © with 
Giambelli's formula (p~0|) . one has, for each I Gl k and each /i > 0: 

D h A I (D)e 1 A . . . A e k = D h ■ A 1 e = ^ A /+ff e = £ A /+ff (P)e 1 A . . . A e fe , 

HeV(I,h) HeV(I,h) 

proving the equality D h Aj(D) = Y.HeV(i,h) A/+# (P) in the ring A*{/\ k M(p)). 

3.11 Remark (sec [5]). Let Split\(p) be the universal splitting algebra of the monic 
polynomial p into the product of two monic polynomials, one of degree k. Let p = piq 
be the universal splitting of p in Split\(p), where dcg(pi) = k, and denote by s, the 
complete symmetric polynomial of degree i in the universal roots of pi. Then Split k A (p) 
is generated, as an A-algcbra, by (s,),>i and the map A*(/\ k M(p)) — ► Split^p), de- 
fined by Di ^ Si, is an A-algcbra isomorphism. This is because of the module structure 
of /\ k A[X] over the ring of symmetric functions defined and studied in [8]. In fact our 
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formula (O is the same as Pieri's formula (2.1.1) of [5], after replacing Si with Di. Let 
p : E — > y be a vector bundle of rank n and let p k ■ G(k, E) — > J 7 be the Grassmann 
bundle over ^ of fc-planes in the fibers of £A In [9] the authors show that, if A := A*(y) 
is the Chow ring of y and p = X n + c 1 X n - 1 + ... + c n G A[X] is such that a := q(E) 
are the Chern classes of E, there is an isomorphism Split k A {p) — > A*(G(/c, E 1 )). Let Q k 
be the universal quotient bundle over G(k, E). Then, the same proof as in [5] works us- 
ing derivations: by the basis theorem ([2], p. 268) the unique A-modulc homomorphism 
L k : A*(G(k, E)) -> ^l*(A fe M(p)), mapping A/(c(Q fe -p^S) to Aj(D), is certainly an 
isomorphism. To check that it is also a ring homomorphism, it is sufficient to check it 
on products of the form Ch(Qk - P* k E) ■ Ai(c(Q k - p* k E): 

L k (c h (Q k -p* k E)-Aj(c(Q k -p* k E)) = L k ( ]T A I+H (c(Q k -p* k E))) = 
= A i+h(D) = D h Aj(D) = LkichiQk-ptEJ-i^dciQk-ptE)), 

H&V{I,h) 

by [5], Proposition 14.6.1, and ETTUl 

3.12 Remark. Theorem 13.81 can be proven by showing that for each / G T k , there 
exists Gi G A[T] such that A 7 e = Gi(D) ■ e 1 A . . . A e k . This can be achieved via 
integration by parts (J7J), as follows. We say that /\ h M(p) enjoys the property Gj, for 
some 1 < j < k, if, for each ij+i < . . . < i k such that j < ij+i, there exists a polynomial 
Gj tij+U „„i k G A[T] such that e 1 A ... A e-* A e ij+1 A ... A e ik = G^ ij+U ... tih (D) ■ e 1 A . . . Ae k . 
We shall show, by descending induction, that /\ k M(p) enjoys Gj for each 1 < j < k. 
In fact G k is trivially true. 

Let us suppose that Gj holds for some 2 < j < k — 1. Then Gj-i holds. In fact, 
for each j — 1 < ij < . . . < i k , 

e 1 A ... A e*- 1 A & A ... A e ifc = D i} ^(e l A ... A e^ 1 A e J ') A e 1 ^ 1 A . . . A e lk , 

basically by jlj, Corollary 2.5. By applying integration by parts ([7]), one gets: 

e 1 A ... A e^ 1 Af*' A...A6 1 ' = ^ (e 1 A ... A £ J A A,(e*' +1 A ... A e ifc )). 

/i=0 

But Dh(e tj+1 A ... A e lfc ) is a sum of elements of the form e ,lj+1 A ... A e /ifc , with 
j < hj+i < ... < hj. Then, by the inductive hypothesis, one concludes that Gj_i 
holds, too. In particular Gi holds and the claim is proven. ■ 

4 Presentations for Intersection Rings 

4.1 Proposition. Let D^ 1 := ^2(-l) j Djt j be the inverse of D t G <S t (AM(p)). 

j>0 

Then Di,\ , = 0, for each h> k. 

"lA fe Af(p) J 
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Proof. By induction on fc. If k = one has Dh(m) = 0, for each h > 2 and each 
to G M(p). In fact, if m G M(p), D t m = X^>o D\m-t l . Therefore -D t _1 »^ = l-D\m-% 
i.e. = for each h > 2. Suppose now the property true for fc — 1 and let h > k. 

Any TOfc G /\ A/(p) is a finite A-linear combination of elements of the form to A m k -i, 
for suitable to G M(p) and m^-i G f\ 1 ^(p)- It suffices then to check the property 
for elements of this form. One has: Dh(m A m,k—i) = ^2j=o Djin A Dh-j{rn k -i). As 

Djtn = 0, for j > 2, it follows that X]j=o A Dh-jiUk-i = Dim A Dfc-imt-i. By 
the inductive hypothesis, this last term vanishes as well, because h— 1 > fc — 1. ■ 

In the sequel M will be as in 13. II (i.e. M (p) for p = 0). 

4.2 Proposition. TTie ring A*(/\ M) is generated by {D\, D2, ■ ■ ■ , -Dfc) as arc -A- 
algebra. 

Proof. Let Z? t -1 = J2 i>0 {— be the inverse of D t . First one observes that, for 
each h>l,D h = ev D (A (a ,3,... I fc + i)(T)) = A (2i3i ... j7l+1) (£>) and that A( 2 ,3,...,/ l+ i)(T) G 
A[T] lands in fact in the subring A[T 1: . . . ,T h ] of A[T], by Remark [231 One knows 
that 2} fc+j = in A*(f\ k M(p)) for each j > 1 (Proposition |0) ■ Working modulo 
ker(pfe) (see I3.7j) we may hence write: 



y Dl f = — = — =- 



t 2 + ... + (-l) k D k t k 



Define Dj(T k ) G A[T X , . . . , T k ] C A[T] as 



g ^(Tfc)*' x _ A ^ (T)f + A(23)(T)t2 + + (_i)fcA (a3 ... fc+1) (T)t* ■ (12) 

One clearly has that Dj — Dj(Dk) G ker(pfc) for each j > 0. Moreover, if 1 < j < fc, 
Dj(Tfe) = Tj, proving the claim. ■ 

4.3 Example. In A*(/\ M) one has, using the recipe ()12|) : 

5 3 (T 2 ) := D 3 (Ti,T 2 ) = T 2 T t - Ti(T x 2 - T 2 ) = -I? + 2TiT 2 (13) 

and 

5 4 (T 2 ) = D 3 T X - T 2 (T 2 - T 2 ) = (-if + 2T 1 T 2 )T 1 - T 2 (T 2 - T 2 ) = -I* + T?T 2 + Tl 

(14) 

4.4 Proposition. Let P G A[Ti, . . . , T fc ] w C A[T] W such that P(D)e 1 A . . . A e fc = 
(w>0). Then P = 0. 

Proof. Any polynomial P G A[Ti, . . . , Tfe] of degree w is a unique ^4-linear combination 
of A/(T), with I G X fe ' tu (since the Schur polynomials {Aj(T) | / G I k } arc a Z-basis 
of Z[T]). Hence P = X)/ei fc «' a /A/(T) for some (unique!) aj G A u) _ tl)t (n and if 
P(_D)e 1 A . . . A e k = 0, then: 

= P(L>)-e 1 A...Ae fe = ^ 0/A/(D) • e 1 A . . . A e fe = ^ a/ • A J e. 

r e xk,w iei k - w 
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Since {A e}/ e jfe,™ are A-linearly independent, aj = for all / G X k - W , i.e. P = 0. ■ 

4.5 Corollary. The map \3.1\ evp : A[T] — > A*(/\M) is an isomorphism. Hence: 

A*(f\AI)=A[D] := A[D 1} D 2 , . . .] = A[T], (15) 

the polynomial ring in infinitely many indeterminates, while 

k 

A*(/\ M) = A\Dk] := A[D 1 ,D 2 , D k }. (16) 

Proof. Apply Proposition 14.41 One may assume that P G A[T] is homogeneous of 
degree w > 0. Suppose that ev D (P) = P{D) = G A*{f\M). There is k > 1 such 
that P G A[T 1 ,T 2 , ...,T k ]. But then P(D) ■ e 1 A . . . A e fe = implies P = 0, because 
otherwise one would have a relation (of degree w), whence (|15[) . Since A*(/\ M) = 
Pk(A*(/\M)) and, by Proposition |4"7TI Pk(D h ) = for all ft > fc + 1, one gets the 
presentation (fTS)) . ■ 

4.6 For each i > 1, let z^"+ ?; = (p(Jf))«JP. Then i/ = (v 1 , v 2 , . . .) is an A-basis of 
M := M (0), such that z/ = X 1 for each 1 < i < n. Let A M A pM := © fc>1 f\ k ~ 1 M A 
pM be the bilateral ideal of /\M generated by p. As pM is the submodule of M 
generated by v l with i > n, the submodule /\ fe X iU ApM is the A-submodule of /\ k M 
generated by v %1 A . . . A v lk , with ik > n. The natural map /\ A/ — > /\ M(p) (resp. 
A fe M -»• f\ k M(p)) is surjective and has kernel /\M A pM (resp. /\ fc_1 A/ A pM). 
Hence, one has canonical isomorphisms 



A M ApM M v±v f\ M ApM 



Let i/ift : A^ Af — > A^ -^(p) be the canonical projection and let 



fc-i 



J fe (p) := {P(£>) G A[Di, . . . , D fc ] | P{D)e l A . . . A e k G /\ M A pM}, 

which is an ideal of A[Di, . . . ,D k ] = A*(/\ k M). 
4.7 Theorem. For each j > 1, let 

n—k-\-j 

D n -k+j(Dk,p) = D n -k+j (Dfc)+ X! CiDn-k+j-i(Dk)- 

i=l 

Then: 

J fe (p) = (A l - fe+ i(D fc ,p),...,A i (D fe ,p)). (17) 
Proof. Let = J2i>o-^'i^ be the unique derivation on /\M such that T)' t v' J = 

i) D[ G A* (A M(p)) for each i > 0, 
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ii) Pfc(-D-) = Di if 1 < i < n - k and 

iii) Pk (D' n _ k+j ) = D„_ fe+i (D fe ,p), Vj > 1. (18) 

To check i), is sufficient to show that each D[ is an A-polynomial expression in the 
DiS. As a matter of fact, if i < n — k: 

D'^X 1 A...AX k ) = D'^v 1 A... Av k ) =v l h...Av k ~ 1 Av k+j = 

= X 1 A...AX k - 1 Al t+, = DiiX 1 A...AX k ), (19) 

and, for each j > 1: 

^.fc+^A 1 A ... A X fe ) = £»;_ fe+ ^ 1 A . . . A v k = v 1 A . . . A u^ 1 A v n+j = 
= X 1 A ... A X k - Y A (X n +i + ciX n+ i- x + ... + c n+3 _ k X k + ... + c n X^) = 
= X 1 A ... A X^ 1 A X n +i + Er=i fc+J c *( Xl A ... A X^ 1 A X n+ ^ % ) = 

= {D n - k+3 (D fc ) + E"=i +J CiDn-k+j-iCDk^X 1 A ... A X k . (20) 

Therefore formulas (fT9"| and (j2"0)) show i), (TT9"]) shows ii) and (|2H)) shows iii) above. We 
can now prove equality (|17|) . Clearly (D n -k+j(^kiP))j>i ?= ^fc(p)i because: 

5 n _ fe+j (D fc , p)^ 1 A . . . Av k = D' n _ k+j v x A . . . Av k = 

= v 1 A ... A v k ~ x A u n+j G f\ kl M A pM. 

To show that J fe (p) C (P„_ fc+J ; (D fe , p))j>i as well, let P g A[T 1; . . . ,P fc ] C A[T] such 
that P(D')X 1 A ... A X k g /\ k ^ M ApAP Without loss of generality one may assume 
that P is homogeneous of degree u>. Then 



P(P> X A . . . A v k = a/A / (P')^ 1 A . . . A v k = ^ 



v 1 A ... Ais 



where last sum is over all (ii, ...,ik) £ such that i k > n. By |2.91 Aj(D') belongs 
to the ideal (D' ik _ 1: . . . , D' ik _ k ) and, since i k > n, one sees that if Aj(D')v 1 A . . . A v k g 

/\ fe_1 i\/ A pM, then Aj(D') £ (z5 n _ fc+ j(D' fc ))_,->i. The relation 

P.; 1+1 - D' n D[ + ... + {-ir- k+l D' n _ k+l D' k = 0, 

holding in £(A fc M(p)), implies that D' n+1 (A* M(p)) G (P;_ fc+1 , . . . , P'JA* M(p) 
(here (-1)^, as in [2~T0l stands for the i t/l coefficient of (P^) -1 ). 

By induction D' n+j (/\ k M (p)) e (P>;_ fe+1 , . . . , D' n ) /\ k M as well. Because of (TH]), 
one hence has J fc (p) C (p fc (P/ . . . , p k (D' n )) = (P n _ fc+1 (D fc , p), . . . , D n (D k , p)), 
i.e. Jfe(p) is given precisely by (|17[) . ■ 

4.8 Theorem. P/ie following isomorphism holds: 

A*(k M(p)) = . (21) 

/X (D B _ fc+1 (D fc ,p),...,D n (D fc ,p)) 
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Proof. Notation as in 14.61 Recall that by Corollary 14.51 formula (HHJ), D\,... ,Dk, 
are algebraically independent elements of A*(/\ k M). Clearly, P(D) G ker((/>fc) if and 
only if P(D)e 1 A . . . A e k G A*" 1 M A pM, i.e. if and only if P(D) G J fe (p). Hence 
A*(/\ k M(p)) = A*(/\ k M)/J fe (p), and the conclusion follows by Corollary l4~5l and 
Theorem [47fl ■ 

4.9 Remark. By [5], the polynomial p, as above, splits in the ring A*(/\ k M(p))[X] 
as the product (X k + D\X k ~ l + . . . + Dk) ■ q, where q is a monic polynomial of degree 
n - k (with A*{f\ k M(p))[X] -coefficients). 

4.10 Examples. Let M = XA[X] andp(X) = X^ + c^X 3 + c 2 X 2 + c 3 X + c 4 , c. t e A t . 
Then one has: 

A*(A 2 M( V )) = „ A[Dl > D2] , (22) 

VV (D 3 (D 2) p) JJ D 4 (D 2 ,p)) 

where 

5 3 (D 2 ,p) = D 3 (T> 2 ) + Cl 5 2 (D 2 ) + c 2 5i(D 2 ) + c 3 = 2£>i£> 2 - L> 3 + Cl Z> 2 + c 2 L»i + c 3 
and 

5 4 (D 2 ,p) = Z) 4 (D 2 ) + ciZ) 3 (D 2 ) + c 2 5 2 (D 2 ) + C35i(D 2 ) + C4 = 

= £>f + L>fD 2 - B\ + c 1 (2D 1 D 2 - D\) + c 2 D 2 + c 3 Z>i + c 4 , 

which we obtained from (|13|) and (j 14|) . Let us enumerate some particular cases. 

1) If A — Z, thought of as a graded ring concentrated in degree 0, then c, = 0, 1 < i < 4. 
Then p = X 4 and presentation (|2"2"|) becomes: 



(2£>il> 2 - Df, ^ + D{D 2 - D\) ' 

which coincides (Cf. [1] , [5] ) with the presentation of the integral cohomology ring of 
the grassmannian G(2, 4) of 2-planes in C 4 (or of the grassmannian of lines G(l, P 3 ) in 
the complex projective 3-space). 

2) If A = Z[q], and p(X) = X A + q, then ([22]) reads: 

lA 1 {2D l D 2 ~Dl,Dl + D 2 1 D 2 -D\ + q) 1 

which is the Witten-Siebert-Tian presentation of the small quantum cohomology ring 
QH*(G(2A)) ([HI, [13], [2; see also g]); 

3) If 7r : _E — > y is a holomorphic vector bundle of rank 4 on a smooth complex variety 
of dimension m > 0, and p(X) = X 4 + tt*ciX 3 + tt*c 2 X 2 + 7r*c 3 X + tt*c 4 G A*(X)LY], 
where a are the Chern classes of E as in [2], p. 141, then M(p) = A* (P(.E)), A = 

and £>i = Ci(Ojp(.e)(— 1)), thought of as operator on A*(y); in this case ([22]) gives the 
presentation of A*(G(2, £)) (Cf. l3~TTj) . If ^ is a point, then A* (y) = Z, c, = and one 
recovers once again the presentation of the Chow ring of the grassmannian G(2,4). 
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4) Let A = Z[j/i, 2/2,2/3,2/4] and p(AT) = ~ Vi + Vi) + Q £ ^M- In tllis case 

presentation ([22]) is that the quantum equivariant cohomology ring QH^(G(2,4)) of 
the Grassmannian G(2, 4) under the action of a 4-dimensional compact or algebraic 
torus via a diagonal action with only isolated fixed points, as studied by Mihalcca 
in [TT], Theorem 4.2, setting p = 2 and m = 4. This is compatible with the main result 
of the paper [Sj (Theorem 3.7), with Theorem 2.9 of [¥J and is now a consequence 
of [TU]. Notice that our generators are not the same as used in [TT] (Cf. [3]). 
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